Abstract-The investigation on zone plates is extended to the temporal case. By exploting the space-time duality between the paraxial diffraction of light in space and the linear dispersion of optical pulses, it presents the time-domain analog of multiple imaging formula at the replicas of the input pulse. The temporal system is created by using a linear chirp generator together with two dispersive delay lines. An example to illustrate the behavior of a temporal binary zone plate is considered.
INTRODUCTION
The main line of this paper is to show that, within the framework of the space-time duality, a linear chirp generator can be used to design temporal zone plates that reproduce in a multiple fashion optical pulses propagating in linear dispersive media. The duality permits to consider lenses that image by quadratic phase modulation of optical pulses in the time domain. This operation is analogous to the action of a conventional refractive lens on the light. The time lens has been widely analyzed and can be implemented in practice, for instance by using an electro-optic modulator [1] [2] [3] , by mixing the original pulse with a chirped pulse in a nonlinear crystal [4] or by means of cross-phase modulation of the original pulse with an intense pump pulse in a nonlinear pulse [5] . In spatial optics, there is another quadratic phase transformer device based on diffraction. This device is the zone plate operating by blocking alternate zones or through introduction of a phase shift of "π" radians in alternate zones. The spatial zone plate is capable of focusing light at a set of points, thereby acting as a multiple imaging system. Although the spatial zone plate has been analyzed widely in optics [6] , few studies of the temporal counterpart have been made [7, 8] .
TEMPORAL ZONE PLATE
It is well known that a temporal imaging system is created by cascading one dispersive medium, a time lens and another dispersive medium. In other words, a temporal imaging system include input dispersion, phase modulation, and output dispersion of an optical pulse. We consider dispersion first. The impulse response of a linear dispersive medium is given by [9] 
where ξ = β 2 z is the accumulated dispersion of the linear medium along a distance z, β 2 being the first-order coefficient. The propagation of a narrowband optical envelope O(t) carried by a monochromatic wave through a dispersive medium can be described as a convolution
We consider phase modulation second. The effect of the temporal zone plate is to multiply the envelope time function E(t ) by a phase factor that is quadratic in time. In radar or sonar applications linear chirps are the most typically used signals to achieve pulse compression by quadratic phase modulation [10] . The phase of a linear FM chirp signal varies quadratically with time and it is characterized by the instantaneous frequency
by ignoring the starting frequency at time t = 0 for the purpose of this paper. In Eq. (3), α denotes the chirp rate in Hz/s, which can be written as
B being the bandwidth range in Hz and T the time duration of the pulse in seconds.
In accordance with the space time-duality, the temporal analogy of the zone plate is given by a signal arranged in time in the same way as the zones of a spatial zone plate bounded by dispersive media. This system leads to nearly distortionless multiple compression of the optical pulses. For the sake of brevity and without loss of generality we will focus on the temporal generalized zone plate whose profile is given by a binary ψ function which takes two levels 1 and 0, that is
where ε is the width of the unit cell (see Figure 1) , j is a natural number, and t 2 j = jt 2 1 = j/α, 2/α being the period in t 2 for which a temporal zone of width ε is repeated. Eq. (5) represents the profile of a positive generalized binary zone plate; for a negative zone plate a complementary profile is defined.
Equation (5) can also be expressed by appropriate Fourier series, in complex form, as
where
φ n (t) = nπαt 2 (8) Note that, for any nth harmonic of the zone plate, the phase factor φ n is quadratic in time, the instantaneous frequency 1 2π ∂φn ∂t has a linear chirp and the chirp rate is given by 1 2π
∂t 2 . We now proceed to derive a time-domain analog to a space lens for any nth harmonic of the temporal zone plate. Since the action of a conventional refractive thin lens is to produce a phase shift in real space [11] φ (x, y) = k 2f
where k is the wavenumber in the lens material and f is the focal length, we can define a similar phase shift for the time-phase function corresponding to the nth harmonic of the zone plate such that
where ω c = 2πB is the bandwidth range of the chirp signal in rad/s. Comparing Eq. (10) to Eq. (9) we can find the time domain equivalent of the focal length for the nth harmonic. The nth focal time of the zone plate is given by
Eq. (11) contains the essence of the zone plate operation as a lens of a temporal multiple imaging system. 
TEMPORAL MULTIPLE IMAGING SYSTEM
Consider that an optical pulse O(t) is launched into a temporal multiple imaging system based on temporal zone plate as shown in Figure 2 . Combining the effects of input and output dispersion and zone plate modulation produced by a digital chirp signal generator, the output signal E(t ) can be written as
is the impulse response of the whole system and h ξ and h ξ are the impulse responses of the input and output dispersive media, respectively. ξ = β 2 z is the accumulated dispersion along a distance z of the output dispersive medium of first-order coefficient β 2 . By a straightforward calculation, Eq. (13) becomes
If we require the quadratic phase factors of the integrands to go to unity, the integrals of Eq. (14) reduce to Dirac delta functions and the multiple temporal imaging formula is obtained. This formula can be written, in compact form, as
for any natural number n, where f n t is the focal time of nth order. The similarity between Eq. (15) and its spatial counterpart is striking for every nth order.
If the temporal lens law is satisfied, the output signal apart from constant phase factor is given by
From Eq. (16) it follows that the output signal is composed of a superposition of replicas of the input signal rescaled by the magnification M t given by the ratio of the output dispersion ξ to the input dispersion ξ. These replicas of the original signal can be regarded as the pulses resulting from the dispersion orders of the temporal zone plate in analogy with the images resulting from the diffraction orders of the spatial zone plate. Stretched or compressed replicas are obtained as
As an example to illustrate the behavior of a temporal multiple imaging system, we assume an optical pulse propagation through a standard single-mode fiber (SMF) of 10 km length in which β 2 = −21 ps 2 /km.rad at λ = 1550 nm. A digital chirp generator produces a temporal generalized binary zone plate composed of a sequence of rectangular pulses in t 2 which takes two levels 1 and 0 with a repetition period of 200 ps 2 (α = 10 GHz/ps) and individual pulse width ε = 60 ps 2 . The phase modulated signal is launched into a dispersion-shifted fiber (DSF) in which β 2 = −0.5 ps 2 /km.rad at λ = 1550 nm. Multiple imaging of the input signal at 30.46, 16.55, 10.89 and 8.12 km lengths is obtained in the DSF for the first four dispersion orders with 0.08, 0.04, 0.026 and 0.019 magnifications. Dispersive orders are compressed temporal images of the original pulse.
CONCLUSIONS
The investigation of zone plates has been extended to the temporal case. This paper proposes a temporal multiple imaging system combining two linear dispersive media and a temporal zone plate produced by a digital chirp signal generator. The temporal zone plate produces a quadratic phase modulation and acts as time multifocal lens. We have derived expressions for the focal times and the magnifications which they given at the output multiple time images of the input.
